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A scalar-tensor model with Gauss-Bonnet and non-minimal kinetic couplings is considered, in
which ghost modes are eliminated via a Lagrange multiplier constraint. A reconstruction procedure
is deviced for the scalar potential and Lagrange multiplier, valid for any given cosmological scenario.
In particular, inflationary and dark energy cosmologies of different types (power-law, Little-Rip, de
Sitter, quasi de Sitter) are reconstructed in such models. It is shown that, for various choices of the
kinetic coupling terms, it is possible to obtain a viable inflationary phenomenology compatible with
the most accurate values of the observational indices.
PACS numbers:
I. INTRODUCTION
The observation, contrary to all theoretical models, of a clear diminution in the observed energy fluxes coming from
type Ia supernovae [1–4], as compared with the expected values, opened one of the most puzzling and severe problems
in cosmology today. These observations have been now interpreted as solid evidence for an accelerating phase in the
universe, whose energy balance is being dominated by something called dark energy. The accelerated expansion is
presently supported by astrophysical data from several independent sources, as the cosmic microwave background
anisotropy [5], large scale galaxy surveys, and baryon acoustic oscillations of the matter density power spectrum [6],
among others. In addition to the late-time acceleration, there are compelling reasons to believe that the universe
experienced another phase of sudden acceleration at verey early times, called inflation [7–9], which simultaneously
solves the horizon, flatness, homogeneity and density of monopoles problems, which had troubled the standard Big
Bang model of cosmology. The standard inflationary paradigm is realized by using a homogeneus scalar field, dubbed
inflaton, with a potential dominating the energy density of the universe (for reviews, see [10–12]). Although the
standard inflation is produced by a minimally coupled scalar field, it is possible to obtain a valid inflationary phase
within other models, such as kinetic inflation [13], non-minimal derivative couplings [17, 18], and string theory inspired
inflation [19].
A quite successfull line of work that has sought to resolve the inflation and dark energy problems are modified
gravity theories. In this respect, [20] presents a general review of the latest developments in the description of the
inflationary era, dark energy, unified representation of inflation and late-time acceleration, particularly in the context
of modified f(R), f(G), and f(T ) gravity theories (for other reviews on modified gravity, see e.g. [21, 22]). In [23]
a unified cosmology was proposed, with early and late-time dynamics controlled by F (R,G) gravity, thus able to
produce both inflation and the dark energy era, the intermediate era being approximately identical to the standard
Einstein-Hilbert gravity. A realistic unification of early-time inflation with late-time dark energy was first proposed in
[24], and was developed in detail, in reasonable versions of F (R) gravity, in [25–28]. A model with a coupling between
the scalar field and the Gauss-Bonnet (GB) G invariant, to study inflationary slow-roll cosmology, was proposed in [29],
displaying a phenomenology viable for a wide range of values of the free parameters of the theory, and novel bottom-up
reconstruction techniques from the observational indices. Many studies of inflation with this type of coupling have
appeared in the literature (for an important stream of related papers see, for example, [30–40]). This same coupling
has also been proposed to address the dark energy problem in [41], where it was found that quintessence or a phantom
phase may occur in the late time universe. Different aspects of these accelerating cosmologies with GB corrections
have been discussed in [42–49], and a modified GB theory applied to dark energy was suggested in [50]. Late time
cosmological solutions in a model that includes both nonminimal kinetic coupling to curvature and a coupling of the
scalar field to the GB invariant, have been studied in [51–53]. The problem of the ghost degrees of freedom in GB
modified gravity theories has been studied in [54], where it was demonstrated that the Lagrange multiplier formalism
leads to the elimination of the ghost modes in both f(G) and F (R,G) gravity theories.
In this paper we will examine an extension of the ghost-free Gauss-Bonnet model [54] by adding an explicit non-
minimal kinetic coupling to curvature. In Section II, we review the main equations in a general background, in the flat
FRW metric, and give a detailed reconstruction scheme for a given cosmological scenario. In Section III we calculate
ar
X
iv
:1
90
9.
09
74
6v
1 
 [g
r-q
c] 
 21
 Se
p 2
01
9
2the main observational indexes corresponding to inflation, namely the spectral index of the primordial curvature
perturbations and the tensor-to-scalar ratio, and we obtain a viable phenomenology, compatible with the most recent
observational data.
II. ACTION WITH LAGRANGE MULTIPLIER AND GAUSS-BONNET AND NON-MINIMAL
KINETIC COUPLINGS
A. Field Equations
In this section we shall briefly review the formalism with a Lagrange multiplier. We adhere to the notation and
presentation of Ref. [54]. Consider the following ghost-free action with field Lagrange multiplier λ, and with Gauss-
Bonnet and non-minimal kinetic couplings, namely
S =
∫
d4x
√−g
[
R
2κ2
+ λ
(
1
2
∂µχ∂
µχ+
µ4
2
)
− 1
2
∂µχ∂
µχ− V (χ) + h(χ)G + F1(χ)Gµν∂µχ∂νχ
]
, (1)
where Gµν = Rµν− 12gµνR is the Einstein tensor and the new function F1(χ) has dimension of (length)2. The coupling
h(χ) is dimensionless and the constant µ has mass-dimension one. By varying the above action with respect to λ, we
obtain the constraint
0 =
1
2
∂µχ∂
µχ+
µ4
2
, (2)
which allows to redefine the scalar potential V (χ) as follows,
V˜ (χ) ≡ 1
2
∂µχ∂
µχ+ V (χ) = −µ
4
2
+ V (χ).
This allows us to rewrite the action of Eq. (1) as
S =
∫
d4x
√−g
[
R
2κ2
+ λ
(
1
2
∂µχ∂
µχ+
µ4
2
)
− V˜ (χ) + h(χ)G + F1(χ)Gµν∂µχ∂νχ
]
. (3)
By varying Eq. (3) with respect to the metric and the scalar field, we derive the gravitational field equations given
by the expressions
− 1
κ2
Gµν − λ∂µχ∂νχ− gµν V˜ (χ) + TGBµν + TKµν = 0, (4)
and
−∇µ [λ∇µχ]− V˜ ′(χ) + h′(χ)G− F1′(χ)Gµν∂µχ∂νχ− 2F1(χ)Gµν∇µ∇νχ = 0, (5)
where TKµν corresponds to the variation of the kinetic coupling, and T
GB
µν comes from the variation of the coupling to
GB. These variations can be written, respectively, as
TGBµν = 4
(
[∇µ∇νh(χ)]R− gµν [∇ρ∇ρh(χ)]R− 2[∇ρ∇µh(χ)]Rνρ − 2[∇ρ∇νh(χ)]Rµρ
+ 2[∇ρ∇ρh(χ)]Rµν + 2gµν [∇ρ∇σh(χ)]Rρσ − 2[∇ρ∇σh(χ)]Rµρνσ
)
, (6)
and
TKµν = GµνF1(χ)∇λχ∇λχ+ gµν∇λ∇λ (F1(χ)∇γχ∇γχ)−∇ν∇µ
(
F1 (χ)∇λχ∇λχ
)
+RF1 (χ)∇µχ∇νχ− 2F1 (χ)
(
Rµλ∇λχ∇νχ+Rνλ∇λχ∇µχ
)
+ gµνRλγF1 (χ)∇λχ∇γχ
+∇λ∇µ
(
F1 (χ)∇λχ∇νχ
)
+∇λ∇ν
(
F1 (χ)∇λχ∇µχ
)−∇λ∇λ (F1 (χ)∇µχ∇νχ)
− gµν∇λ∇γ
(
F1 (χ)∇λχ∇γχ
)
. (7)
3B. FRW cosmology and reconstruction
Let us consider the spatially-flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
. (8)
We also assume that λ and χ depend solely on the cosmic time t, that is, λ = λ(t) and χ = χ(t). Then, a solution of
Eq. (2) is given below
χ = µ2t. (9)
The (00) and (11) components of the Eq. (4) take the form (with the Hubble parameter being H = a˙/a)
− 3H
2
κ2
+ V˜ (χ) + 9F1(χ)H
2µ4 − λµ4 − 24H3µ2h′(χ) = 0 (10)
and
3H2
κ2
+
2H˙
κ2
− V˜ (χ)− µ4F1(χ)(3H2 + 2H˙)− 2Hµ6F1′(χ) + 16H3µ2h′(χ) + 16HH˙µ2h′(χ) + 8H2µ4h′′(χ) = 0. (11)
On the other hand, Eq. (5) yields
µ2λ˙+ 3Hλµ2 − µ2HF1(χ)(18H2 + 12H˙)− 3H2µ4F1′(χ) + 24h′(χ)H2(H2 + H˙)− V˜ ′(χ) = 0. (12)
Eqs. (10) and (11) can be solved with respect to V˜ (χ) and λ, as follows,
V˜ (χ) =
3H2
κ2
+
2H˙
κ2
− 3F1(χ)H2µ4 − 2Hµ6F1′(χ) + 16H3µ2h′(χ)− 2F1(χ)H˙µ4 + 16HH˙µ2h′(χ) + 8H2µ4h′′(χ) (13)
and
λ = 6F1(χ)H
2 − 2µ2HF1′(χ)− 8H
3h′(χ)
µ2
+
2H˙
κ2µ4
− 2F1(χ)H˙ + 16HH˙h
′(χ)
µ2
+ 8H2h′′(χ), (14)
where in both Eqs. (13) and (14), the functions F1(χ) and h(χ) are arbitrary. As a consequence, any cosmologi-
cal scenario encoded in the Hubble parameter, H(t), can be realized for this model. It is worth exemplifying the
reconstruction technique here; so let us demonstrate how this method works, by choosing some explicit cases.
As first example, we consider a de Sitter spacetime realization, in which case the Hubble rate H is constant, H = H0.
Then, by using Eqs. (13) and (14), for arbitrarily chosen functions F1(χ) and h(χ), the corresponding scalar potential
and Lagrange multiplier λ are given by,
V˜ (χ) =
3H0
2
κ2
− 3H02µ4F1(χ)− 2H0µ6F1′(χ) + 16H03µ2h′(χ) + 8H02µ4h′′(χ),
λ = 6H0
2F1(χ)− 2H0µ2F1′(χ)− 8H0
3h′(χ)
µ2
+ 8H0
2h′′(χ).
The next class of examples is given by the power-law solutions (a ∼ tp), which are of special interest because they
represent asymptotic or intermediate states among all possible cosmological evolutions. Then, by using Eqs. (13) and
(14), we find that
V˜ (χ) =
3p2 − 2p
κ2t2
+
µ4F1(χ)(2p− 3p2)
t2
− 2pµ
6F1
′(χ)
t
+
16µ2h′(χ)(p3 − p2)
t3
+
8p2µ4h′′(χ)
t2
,
λ = − 2p
κ2t2µ4
+
2pF1(χ)
t2
+
6p2F1(χ)
t2
− 2pµ
2F1
′(χ)
t
− 16p
2h′(χ)
t3µ2
− 8p
3h′(χ)
t3µ2
+
8p2h′′(χ)
t2
,
where t = χµ2 .
Another set of examples consists of the solutions known as Little Rip. This type of solutions represent an alternative
to Big Rip ones [55, 56], where the dark energy density increases with time but without facing a finite time future
singularity. Consider the behavior of the Hubble parameter
H = HLe
γt,
4where HL and γ are positive constants. From the above equation, it follows that H˙ > 0, which reproduces a phantom
super-accelerated phase, free of future singularities. Then, by using Eqs. (13) and (14), we find
V˜ (χ) = (3e2tγH2L + 2e
tγHLγ)
(
1
κ2
− µ4F1(χ)
)
− 2etγHLµ6F1′(χ) + 16µ2h′(χ)(e3tγH3L + e2tγH2Lγ) + 8e2tγH2Lµ4h′′(χ)
and
λ =
2etγHLγ
κ2µ4
+ F1(χ)(6e
2tγH2L − 2etγHLγ)− 2etγHLµ2F1′(χ)−
h′(χ)(8e3tγH3L − 16e2tγH2Lγ)
µ2
+ 8e2tγH2Lh
′′(χ),
where t = χµ2 .
Finally, a particularly interesting and phenomenologically valuable evolution is given by the quasi-de Sitter evolu-
tion, in which case the Hubble rate reads [20]
H = H0 −Hi(t− tk), (15)
where H0 and Hi are dimensionful parameters of the theory, and tk is the time instant when the primordial curvature
modes exit the horizon. In general, these parameters are severely constrained by the observational data. By replacing
them in Eqs. (13) and (14), we find the following expressions for the potential and Lagrange multiplier, respectively,
V˜ (χ) =− 2Hi
κ2
+
3(H0 −Hi(t− tk))2
κ2
+ 2Hiµ
4F1(χ)− 3(H0 −Hi(t− tk))2µ4F1(χ)− 2(H0 −Hi(t− tk))µ6F1′(χ)
− 16Hi(H0 −Hi(t− tk))µ2h′(χ) + 16(H0 −Hi(t− tk))3µ2h′(χ) + 8(H0 −Hi(t− tk))2µ4h′′(χ) (16)
and
λ =− 2Hi
κ2µ4
+ 2HiF1(χ) + 6(H0 −Hi(t− tk))2F1(χ)− 2(H0 −Hi(t− tk))µ2F1′(χ)
− 16Hi(H0 −Hi(t− tk))h
′(χ)
µ2
− 8(H0 −Hi(t− tk))
3
h′(χ)
µ2
+ 8(H0 −Hi(t− tk))2h′′(χ). (17)
In the following section we use this scenario in the context of inflationary cosmology, and we calculate the spectral
index of the primordial curvature perturbations, ns, and the scalar-to-tensor ratio, r.
III. OBSERVATIONAL INFLATION INDEXES
Cosmological perturbation theory based on generalized gravity theories, including string theory correction terms
and applications to generalized slow-roll inflations and its consequent power spectra, were studied in Refs. [57–61].
We here adopt the notation and formalism of these works. The observational indexes are quantified in terms of the
slow-roll parameters, which in the case of the action (3) are defined as follows
ε1 ≡ H˙
H2
, ε2 = 0, ε3 = 0, ε4 ≡ E˙
2HE
,
where the function E is given by
E = − 1
κ2
λ(χ) +
3Qa
2
2
κ2 +Qb
+Qc,
and the functions Qa, Qb and Qc stand for
Qa = 8µ
2h′(χ)H2 − 4µ4F1(χ)H,
Qb = 16µ
2h′(χ)H − 2µ4F1(χ),
Qc = 6µ
4F1(χ)H
2.
The spectral index of the primordial curvature perturbations, ns, and the tensor-to-scalar ratio, r, become respectively
[57–59],
ns = 1 + 2
(2ε1 − ε2 + ε3 − ε4)
1 + ε1
(18)
5and
r = 4
∣∣∣∣∣
(
ε1 − ε3 − κ
2
4
(
1
H2
(2Qc +Qd)− 1
H
Qe +Qf
))
1
1 + κ
2Qb
2
(
cA
cT
)3∣∣∣∣∣ , (19)
where the functions Qd, Qe and Qf read
Qd = 4µ
4F1(χ)H˙,
Qe = 32µ
2h′(χ)H˙ − 4µ2(µ4F1′(χ)− 2µ2F1(χ)H),
Qf = −16(µ4h′′(χ)− µ2h′(χ)H)− 4µ4F1(χ),
and the speed of propagation for the scalar and tensor modes, cA and cT , are given by
c2A = 1 +
Qd +
QaQe
2
κ2
+Qb
+Qf
(
Qa
2
κ2
+Qb
)
−µ4λ(χ) + 3Qa22
κ2
+Qb
+Qc
2
,
c2T = 1−
Qf
2
κ2 +Qb
.
In order to calculate ns and r, we consider the inflationary scenario of the quasi de Sitter Eq. (15). In terms of the
Hubble rate, the e-fold number N is equal to
N =
t∫
tk
Hdt = H0(t− tk)− Hi
2
(t− tk)2.
Solving with respect to t− tk, we get [20]
t− tk = H0 +
√
H0
2 − 2HiN
Hi
. (20)
It is worth noticing that this expression is valid whenever N <
H20
2Hi
, which gives the maximum number of e-folds as
Nmax =
H20
2Hi
. In the following, just for simplicity, we take
χ = µ2(t− tk). (21)
Now we can calculate the observational indexes by combining Eqs. (16), (17), (18), (19), (20), and (21), for arbitrarily
chosen functions F1(χ) and h(χ). We can consider some explicit examples. As a first, simple one:
h(χ) = 0, F1(χ) = κ
2ζ, (22)
where ζ is a dimensionless constant. If we assume that the total number of e-folds is N = 60, and also choose
Mp = 1/κ, Hi = 0.5× 10−22M2p , H0 = 10−10Mp, and µ ∼Mp, we find that the compatibility with the observational
data is indeed achieved for values of the parameter ζ in the range [0.034, 0.234]. To illustrate the behavior of the
observational indexes, in Fig. 1 we plot ns and r as functions of the parameter ζ. For this example, in Fig. 2 we
also plot the potential (16) as function of the number of e-folds for various values of the parameter ζ compatible with
observations.
Another example is:
h(χ) = 0, F1(χ) = κ
2ζ
(
1− e−α tanh(κχ)
)2
(23)
where ζ and α are dimensionless constants. After a thorough examination of the parameter space, it is apparent that
this case is also compatible with both the Planck [62] and BICEP2/Keck-Array data [63], for a large range of values
of the free parameters. In order to illustrate this fact in a more transparent way, in Fig. 3 we present the plot of
the spectral index ns and of the tensor-to-scalar ratio r, as functions of the parameter ζ, for various values of the
parameter α. In this case, the behavior of the potential (16) as function of the number of e-folds is plotted in the Fig.
4 for various values of the parameter α with ζ = 20, which is compatible with observations.
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FIG. 1: Behavior of the observational indexes ns and r as functions of the parameter ζ. In the range ζ = [0.034, 0.234], the
observational indexes are compatible with the Planck 2015 [62] and BICEP2/Keck-Array data [63], which constrain the spectral
index and the tensor-to-scalar ratio to satisfy ns = [0.95839, 0.97161] and r < 0.07, respectively.
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FIG. 2: Behavior of the potential (16) as function of the number of e-folds for the example (22) with various values of the
parameter ζ compatible with observations.
IV. CONCLUSIONS
In this paper we have extended the theoretical framework of the ghost-free Gauss-Bonnet theories [54] to other
modified gravities, involving a non-minimal kinetic coupling. We have briefly reviewed the essential features of the
Lagrange multiplier formalism in this specific model. In our study we have considered an approach that allows, in
principle, to reconstruct the potential and the Lagrange multiplier for arbitrarily given cosmological scenarios.
We have then considered explicit examples of the reconstruction procedure, namely for power-law, Little-Rip, de
Sitter, and quasi de Sitter models, where the resulting potentials depend of arbitrary functions h(χ) and F1(χ), which
can be chosen in a convenient way such that the phenomenological constraints can be fully satisfied. In particular, we
have investigated the role of the non-minimal kinetic coupling in the dynamics of inflation and we have investigated
some specific choices for the function F1(χ).
After briefly discussing the general formalism of the observational indexes in modified gravity, we have fixed the
Hubble rate (quasi de Sitter) and the kinetic coupling. We have thus demonstrated that the resulting inflationary
evolution is viable, in a rigorous phenomenological context, by calculating the slow-roll indexes and the corresponding
observational indexes, focusing on the spectral index of the primordial curvature perturbations and on the scalar-to-
tensor ratio. Moreover, we have proven that viability of the model can be achieved for a wide range of values of the
free parameters, and we have illustrated this by displaying various plots of the observational indexes as functions of
the free parameters.
Summing up, we have proven here that, in principle, any given early and late-time cosmological solution relevant
to current observations (power-law, Little Rip, de Sitter, quasi de Sitter) can be reconstructed using the model of (3).
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FIG. 3: Behavior of the observational indexes ns and r as functions of the parameter ζ, for various values of the parameter α.
The curves cover different behaviors of the observational indexes, all of them being in an acceptable value range, according to
the data. As is clear from the plot, the simultaneous compatibility of ns and r with the observational data can be achieved for
a wide range of values of the free parameters (ζ, α)
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FIG. 4: Behavior of the potential (16) as function of the number of e-folds for the example (23) for various values of the
parameter α with ζ = 20, which is compatible with observations.
We have also shown that the effects of the non-minimal kinetic coupling lead to viable inflationary scenarios, fully
compatible with the most recent and accurate observational constraints. Moreover, the choice of the Hubble rate is
in principle arbitrary, with the only constraint being that the resulting theory should be an accelerating one, that
is, the resulting scale factor must satisfy a¨ > 0. To finish, it is also possible to perform the same analysis for other
choices of the Hubble rate during inflation.
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